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A COMPARISONOFPREDICTEDAND~Y DETERMINED

LONGITUDINALDYNAMICRESPONSES

OFA STABILIZEDURPIANE

By LouisH. Smaus,MsrvinR. Gore,
andMerleG.Waugh

ksuMMmY

Thedynamiclongitudinalstabilityofanairplanewithautopilot
waspredictedby combiningthetransferfunctionsoftheautopilot
obtainedfromtestsmadeonthegroundwiththoseoftheairplanemeas-
uredinflightto obtaiq.theopen-andclosed-loopfrequencyre~onses
andtransientresponsesforthe_combin.ation.Thesepredictedresponses
werethencompared.wi%hmeu—we-dflightfrequencyandtransient
responsesforthreeairspeedsandvariousautopilotsettingsofdis-
placementandrateofdisplacementfeedback.Theanalysisprocedures
werebaseduponlinearmethodsandagreementwasgoodwhenelements
wereoperatedinflightwithinthelinearrangeexceptforcertaincon-
ditionsinwhichrateofdisplacementfeedbackwasused.

INTRODUCTION

Thepurposeoftheinvestigationwasto determinehowwellthe
longitudinaldynamicstabilityofanautopilot-aircraftcmibination
couldbe predictedfromtheseparatelymeasuredcharacteristicsofthe
autopilotandoftheaircraft.Themethodsofanalysiswerebasedon
standardservomechanismtheoryas exemplifiedby reference1. A gen-
eralsurveyofthemethodsofpredictingthedynamicresponseforan
autopilot-aircraftcombinationisgiveninreference2. Mostofthe
specificequationsJusedinthisanalysisandthemannerofdiagrsmming
theclosed-loopsystemweredevelopedinreference3. “

Thetransferfunctionsobtainedexperimentallyfortheaircraft
andfortheautopilotweremultipliedtogetherandtheresultingopen-
100Pfrequencyresponsewasplottedona conventionalNjquistdi~
to indicatetherelativestability.Theclosed-lo@frequencyresponse,
thatis,theratioofpitchresponseto a sinusoidaldisturbancein
pitchfortheautopilot-aircraftcombination,wasthencalculated

. . ——-- .—. -—. —...— -.. _ __.. —— — .Z— ..___ ..______ _____
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dire&tlyfromtheopen-loopresponse.Inaddition,thetransient
responsesto stepinputdisturbsmceswerecalculatedby an apprmtion
method.Thesethreepredictedresponseswerecompuedwiththosemeas-
uredinflight,thetransientresponseandtheclosed-locrpfrequency
responsehav3ngbeenmeasureddirectlyforstepandsinusoidalinputs,
respectively>andtheopen-loopresponsederivedanalyticallyfromthe
closed-loopreBponse.Calailationsandmeasurementsweremadeforair-
speedsof85,130,and200hots andforvariouEautopilotsettingsof
dispkementandrateofdisplacementfeedback.

DEFIMITIOIW3ANDSYMBOLS

Frequencyresponse:A frequency-dependentvectorresponseoftheoutput
ofa systemto a sinusoidallyvaryinginputfunction,expressedqmti-
tativelyby a plotofamplituderatioandphaseangleversusfrequency.

Amplituderatio:Theratiooftheoutputamplitudetotheinputampli-
tude.Fo,ra closed-loopsystemthisisordinarilynondimensionalized
by dividingby theamplituderatioat zero~equency.

Phaseangle:Theanglebetweenanoutputvectorandinputvector.When
theoutputleadstheinput,theangleispositive.

●

‘I!ransferfunction:Theexpressiondefiningtheratiooftheoutputof
a componenttotheinput,,ususllyexp~essedas a complexfunctionof
thefrequencyvariablef.

Closed-loopresponse:Thefrequencyresponseofa closed-loopsystem,
thatis,onewhichpossessesfeedbackandissensitiveto.thediffer-
encebetweenoutpu+andinput.

Open-loopresponse:

servosystem:That
servoactuatoror

Thefrequencyresponseofanopen-loopsystem.

partoftheautopilotcomposedoftheamplifierand
motoranditsinternalfeedbackloop.

Autopilot: Theairp@nestabilizingsystemcomposedoftheservosystem
andthefeedbackgyros.

Voltages,angulsrdisplacements,andtransferfunctionssrevector
quantitieshavingamplitudesandphaseanglesunless

AL open-looptransferfunctionof

(%9‘r(%9
autopilot-aircraft

otherwisenoted.

conkdnation

-,
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transferfunctionof servosystem,

transferfunctionofratefcgro

nondimensionalized.

()transferfunctionofaircrqftinpitch ~

2.D8...

frequency,cyclespersecond

J=

follow-uppiclmffconstant,voltsperdegree

displacementgyroconstant,voltsperdegree

staticcontrolgearing,ratioofcontrolsurfacedeflectionto
~ tisplacem~tinputtoautopilot,degreesperdegree

rate~o constant,voltspercyclepersecondperdegree
oscillation ..

..
gainoffold.ow-upattenuator,alsoreferredto as sensitivity,
percent

gainofrate~o attenuator,percent

3

amplituderatioof servo-systemfrequencyresponseAp,
dimensionless

smplituderatioofautopilotfrequencyresponsewhenrateofdis-

placementinputsignalisincluded
(~y)’ ‘nsiotiess

errorsignalof servosystem(inputtoamplifier)~hentheservo
systemistestedwithdisplacementinputsignalonly,volts

errorsignalof servosystem(inputtosmplifier)whentheservo
systemistestedwithbothdisplacementandrateofdisplacement
inputsign~s,volts

errorsignalof servosystem(inputtosmplifier)wh& the
autopilot+rcraftclosed-loopcombinationisteste~volts

error.Si@dofautopilot-=rcrd?tCdhtion (~l-vg)}volts

feedbackvoltageof servosystem,volts

. . - - .— .- -- - .-——---- — - --- .- --- ——— -- _ ,_________________ ......---—-—— - - . - -- -
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feedbackvoltageof servosystemwhentestedwithbothdisplacement
andrateofdisplacementinyutsignals,volts

displacementgyrooutput,volts

inputsignaltotheservosystem,volts 1

inputsignaltotheautopilot-aircraftcombination,volts

rategyroou@ut,modifiedby rateattenuator,volts

controlsurfacedeflection,degrees

servodisplacement,inches

phaseangleOf Ve relativeto vi,degrees

phasesagleof Ver relativeto vi,degrees

phaseangleof servo-systemfrequencyresponseAp)Vf relative
tovi,degrees

phasetigleof

phaseangleof

whenrateof

a

Vf relativeto ve)degrees

autopilotfrequencyresponse
@l’?9

displacementinputsignalisincluded,equivalent
tophaseangleof Vti relativeto 13,degrees

phaseangleofopen-loopautopilot-aircraftconibinationAL,
(Vg+-Vr) relativeto vi (and(e+er)relativeto f3i),degrees

phaseangleof Vr relativeto f3,de~ees

-~ Uspkcement,attitudeof

error@e, degrees

hypotheticalinputangleto servo

inputangleto autopilot-aircraft
degrees

hypotheticalratefeedbackangle,

aircraft,.de~ees

1system,degrees ‘

combination,

}

Seetiagrsm
page11

degrees J
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DESCRIPTIONOFTESTEQUIPMENT

., Airplane

Theairplaneusedinthesetestswasa conventionalpropell.er-
drivenNavydivebmiberwhichwasequippedforautomaticcontrol.A
photogaphispresentedinfigure1.

A controlcableandpulleysystemconnectedtheelevatorandcontrol
stick.Theautopilotservoactuatorwasattachedatthecontrolstickend
ofthislinkage.

Autopilot

Automaticcontroloftheairplaneaboutsllaxeswasfurnished”by“
a commercially~ufacturedautopilotmodifiedto includeratewos.
A photographofthebasiccomponentsofthepitchchannelofthesystem
isshowninfigure2. A displacementorverticalgyroisusedto sense
pitchangle.A rategyrosensespitchingangularvelocity.Theservo
systemproducesanelevatordeflectioninaccordancewiththegyroout-
putsandincludesthecomponentsdescribedasfoll,m~s.ArIamplifier
convertsthesmallelectricalsignalsreceivedfromthegyrosandfollow-
UPpickoffto currentssufficientlylargeto operatethesolenoid-
controll.edhydraulictransfervalve.Thesolenoidtransformstheelec-
triccurrentto a mechanicalmotion,closingoropeningports,andthus
controllingtheflowofhydraulicfluid.’A piston-typeservoactuator
convertsthehydraulicflow-toa lines.motionhavingsufficientforce
toactuatethecontrolsurfaceoftheairplane.Theactuatoris con-
nectedtotheelevator-crossmemberofthecontrol-stickmechanism.A
follow-uppickoffisattachedtothepistonoutputtoproduceanelec-
tricalsignalproportion~to displacementwhichisthenfedbackto
theamplifierto completetheinnerservploop.Thisfeedbackisvaried
by meansofthesensitivitycontrol,a potentiometercontrollingthe
inputexcitationtothefollow-uppickoff.Variationofthiscontrol
hasthedualeffectof changingthedynamicresponseoftheservosystem
andchangingtheratioof surfacedeflectionto inputsignalwhich
alterstheresponseoftheautopilot-aircraftcombination.

A blockdiagramofthecompleteautopilot-aircr&ftloopis shmm
in figure3. A potentiometerassociatedwiththerategyroallows
variationoftheamountofpitch-ratesignalfedback.“Nosuchcontrol
isprovidedforthedisplacementgyrosincea vsriationoftheservo
follow-uppotentiometereffectivelyaltersthepitch-anglefeedback.

. ..— ----- . . . . - . .. . .... ... -.. ——. ...—-–. -- -—— .—— —--— ——— ---—--———-——-—- — ---- ~- ..— __



6 NACATIi2578

Instrumentation

Therecordingsystemforflightwascenteredabouta six-channel
MilJeroscillogra~h.Servoandelevatorsurfacepositionsweremeasured
by meansofrotatabletransformersusedas electricalpick-offsaudlever
armlinkages.Pitchanglewasmeasuredwitha SperryA-12vertical~o
whichhasa similarpickoff.Thealternating-currentvoltagesfromthe
positionandattitudepickoffsweredemodulatedandrecordedonthe
osci310graph.Rateofpitchwasobtainedfroma rategyrowitha micro-
synpickoff;thekOO-cyclealternating-currentvoltagewasrecorded
directlyontheoscillographwithoutrectification.A separategalva-
nometerswasusedtorecordthecurrenttothesolenoidvalve,thisbeing
a measqreoftheerrorvoltagetotheamplifier.A standardMACA
airspeed-altituderecorderalsowasused.

Forsinusoidalresponseteststhesine-waveinputsignalwas
obtainedfroma deviceinwhicha rotatingselsynwasdrivenby a ball-
discVsriable-qeedmechanism.Theamplitudeofthe&OO-cycleoutput
voltagefromtheselsyncouldbe variedinfrequencyfromO to10 cycles
persecond.A contactorwasoperatedoncepercycleata zerooutput
voltagepoint,introducinga signaltotheoscillographwhichprovided
a zero-phasereferencemsrker.Thestie-waveamplitudewassetand
measuredontheground.

.
Fortransient-responsetestspulseswereintroducedby a motor-

drivenpotentiometerarrangement.Bothamplitudeandtimebasecould
be adjustedontheground:Stepswereobtainedby a simpleswitch.The
variousinputvoltageswereintroducedinserieswiththeotherelements
intheautopilotsignalcircuitandareindicatedby thesynibolVI in
figure3.

Forthegroundtests-oftheservosy~tema Biushrecorderwasused
toindicateservoandsurfacepositions,md thezero-phasereference
markerwassuper~osedononeofthetiaces.

THEORETICALANALYSIS , .

.

Themethodofpredictingthedynamicresponseofthestabilized
(autopilot-controlled)airplameisbasedonthedeterminationandconibi-
nationofthetransferfunctionsoftheaircraftandoftheautopilot.
Therelativestabilitymaythenbe ascertainedfromau inspection@f the
resultantopen-loopfrequencyresponse,closed-loopfrequencyresponse,
andtransientresponse.Theseresponsessremathematicallyrelatedas
shownsubsequently,buteachprovidesinformationontherelative
stabilitynotreadilyappsrentfromtheothers.

—— ——————— .—. ——— —-- —.. - . ...-. .- ——. — —-- —-— --— —— —-—-— -- .—..
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7

Transientexperimentalflightdatawasthemostimportantsource
ofaircraftfrequency-responsecharacteristics.Thisinformationwas
obtainedfromflightfilmrecordsby a methodofanalysisbas$duponthe
Fouriertransformasoutlinedasfollows.

Formanyconsiderationsofdynamicstabilitythelongitudinal
motionsofanairplanecanbe closelydescribedby a second-orderdiffer-
ential.equation(reference.4). Thequantitiesinvolvedinthestabili-
zation,system
controlledby

,.

ofthetestairplane,namely,theangleofpitti,8,as
theelevatoryosition,5,maybe relatedby theequation

#e—+ b~+k6=C15+Co bdt
dt= dt f /.

Thisdifferentialequationmaybe convertedby theLaplacetransfor-
mationintoitstransfer-functionforru

they
When 19and 5
canbe converted

e(s) = c1S+co
5(s)

S(s2+bs+k)

areknowne~erimentallyas functionsoftime,
intothe s planeby theLaplaceintegrals

6(s)= /’me(t)e-stdt
do

5(s) = ~mb(t)e-stdt,
where e(t)and F5(t)

Equation(1)can

pm

do

are assumedtobe zeroforall t<O.

thenbewritten

/ (3(t)e~stdt“= Cls+co ~mb(t)e-stdt
do S(s%bs+k)Jo

(1)

. . ..— .——.—.—.._. . ... —.—..— — ..— ._ ___. . .._- ____ —.. -.-
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Thefrequencyresponsemaynowbe calculatedby replacings by Ju,
where fJIisanyarbitraryvalueofangularfrequency.(Seereference1.) .
Thus,frequencyresponseiswritten:

‘f(w) = c~(JfJj+co
‘ - J e(t)e-jutdt

o (2)
5(jW) (ju)[(jm)2+b(jo)+k]= m ~(tle-jutdt

J
Thetwointegralssreca13edFourierint~gralsandme usually

directlycalculable.Whentheseinte~alsdonotconverge,limiting
valuesmaybe obtainedby replacingtheintegralswiththefol.lowingmore
generalformoftheLaplacetransformationinwhich s = u + ju:

Thusby equation(2),when f3and ?5 arelmownasfunctionsof
time,thefrequencyresponsemaybe computedforanyarbitraryvalueof
angul&rfrequency,tJI,by evaluatingthetwosimpleintegralsabove.

Considerableworkcanbe savedif e(t)and b(t)srechosenso
thatthetransientportionssreshort.(Seefig.4.) Theintegrals
theninvolvestatisticalintegrationup to sometime,T,whensteady
stateisreachedandamanalyticalexpressionwilJ.finishtheevaluation
oftheintegalfrom T to infinity.Thestatisticalworkisbegunby
dividingtheintervalt = O to t = T intoincrementsofaboutO.1
second,andtheintegrationisperformednumerically,utilizingsome
approximationsystemsuchas Simpson*sRule.

This
transient

methodforobtainingfrequency-responsefunctionsfrom
dataisdiscussed

Thecharacteristicsof
obtainedprimsrilyby testp
installedintheairplane.
responseistheoretically
responsessrelinesr,the
inmind.

ingreaterdetailinreference5.

TheAutopilot

theautopilotanditscomponentswere
onthegroundoftheequipmetiwhile
Sincethepredictedautopilot-aircraft

validonlyif
autopilotW&

theindividualcomponent
examinedwiththisconsideration

.—— - .-
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Theservosystemislinearin
operationonlyforinputsignalsto linear I
theamplifiernotexceedinga cer-
tainvalue.Thisnonlinearity ~ operatingI

range-
resultsfromsaturationofthe :
amplifierwhichhasa staticinput- s ‘
outputrelationas showninthe
sketch.Theamplifierinputvoltage 2
ismoreconvenientlyreferredtoas .&l
theservo-systemerrorvoltage,ve, ~
as canbe seenfromfigure3. Thus
itbecomesnecessarytobow the
errorvoltageto determinewhether
theservosystemisoperatingwithin inputvoltage
itslinearrange.Theerrorvoltage
is,of course,a functionoftheinputvoltageto theservosystemvi
aswellasofthefeedbackvoltagevf fromtheservooutput.

Iftheresponseoftheservosystemalone(withoutthe~os) is
beingconsidered,theinputtothesystemis vi. An expressionforthe
errorvoltageinthiscaseiSgiveninreference3,equation(5),andis

Ivel= vi 1+R2-2RCOS =-f (3)

whereR and ef are,respectively,thenondimensionalamplituderatio
andphaseangleoftheclosed-loopservo-systemresponseAp.

,- Whentheresponseoftheautopilot,thatis,thecontrol-surface
responsebe toan angularattitudeinput O tothe~os, iscon-
sidered,theerrorvoltagever inthiscaseis,fromeqwtion(12)of
reference3,

I

lVerl=Vg
1

Prkrf Prkrf
(1-RfiCOSefr+— cos6r)2+(R-fysti ~fr- — sinGr)2

% %
(4)

whereRfr and efy are,respectively,thenondimensionalamplitude
1 ratioandphaseangleoftheautopilotresponsewhenbothrateanddis-

placementgyrosareoscillated.Theterm Prkrf is the ~litude of
thetransferfunctionPrAr fortherategyro. me &isp~cement gyTO
output,forpracticalpurposes,isrelatedtotheinput”8 by a
constantkg.

Froma lmowledgeoftheservo-errorvoltageitispossible,inmany
instances,to choosein~utmagnitudessmallenoughto insureoperation
oftheservointhelinearrange.Thisisnotalwaysthecase,however,

.
.

-.-. .— ... ... .. . .. . .. . . —-—...-...— .—-—.- .-..—.- -—..-— __ .. . ..____ —- ~-. . . .—— ——— ----



10 NACATN 2578 ,

andseveralofthetestresultsyresentedhereininvolvethenonlinear
range,butnoattemptismadeto calculatetheeffectsofnonlinearity ,,
onthe~redictedresults.

A secondsourceof
Coulombfrictioninthe
bracketsand’supporting

,

nonlinearityexistsintheelevatorlinkage.
control-surfacehingeandflexingofthe@J.ey
deckaretheprobablecauses.

StabilityCriteria

Severalcriteriaexistfordeteminingstability.Oneofthemost
poplarisbasedontheuseoftheNyquistdiagramwhichisexplained
~ h reference1 andotherreferenceslistedtherein.Briefly,a
polarplotinthecomplex@ane ismadeoftheopen-loopfrequency
response.Forthec!asesconsideredinthisinvestigation,amencircle-
mentofthe -1+ JO ~ointrepresentsanunstablesystem,whereascoin-
cidencewiththepointrepresentsa co~tion ofneutralstability.The
lattercaseisshply equivalentto sayingthattheoutputmagnitudeis
thesameastheinput(thesystemgainisunity),butis180°outof
phase.Sincethedisplacementfeedbackina servosystemisnegative
and,hence,hasanadditional180°phaselag,itwilllaga totalof 3600
andthereforeaddtotheinputsignal.Therefore,anyoscillations
whichmaystartareself-sustainingandthesystemwillhuntindefinitely
andwithconstantamplitude.

The.nearnessoftheplottothe -1+ jO pointisan indicationof
therelativestabilityofthesystemandisoftengivenintermsofgain
andphasemargins.Phasemarginisdefinedastheanglebetween180°
andthepointatwhichtheopen-loopresponsepassesthroughthecircle
ofunitmagnitude.-Gainmarginisthereciprocaloftheopen-loop
responsemagnitudewhenthephaseangleis180°. (Seereference1.)
However,no sbplequantitativerefitionscorrelatetheNyquistplot
withcharacteristicsofthetransientresponsesuchasperiodandtime
to - toa specifiedamplftude,exceptfora second-ordersystem.

Theclosed-loopfrequencyresponseplotalsogivesan indicationof
thestability.Theamplitudeoftheresonantpeakisa roughmeasureof
thedamping,and.theresomt frequency,ifit clearlyexists,isclose
tothetransientfrequencyandtheundampednaturalfrequencyofthe
system. .

Perhapsthefinalmeasureof stabilityisthetransientresponse
itself.UsualJya particularformofthisresponseisdesired,often
onethathasan equivalentdampingratiointheneighborhoodof0.6
criticaldampinganda certainspeed’ofresponseornaturalfrequency.
Thesecriteriamaybe modifiedbyotherlimitations,suchasthe
msximumallowableaccelerationthatmaybe imposedonpersonnelor
airframe.

.
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TheAutopilot-AircraftLoop

I

I

I

A blockdiagram-oftheautopilot-aircraftloopisgiveninfigure3.
Forpurposesofanalyzingtheopen-loopchsxacteristics,theloopmaybe
openedsaywhere,butitismostconvenienttobreakitbetweentheair-
craftoutputandthegyroinput.Theopen-looptransferfunctionis
thengivenintermsofa ratioofthepitch-angleoutputtoa pitch-angle
input.Thisisthefunctionthatisplottedona Nyquistdiagram.As
previouslystated,varyingtheamountof elevatordeflectionfora given
verticalgyrodisplacement,changesthegainoftheover-all.system.The
changeinamplitudeontheNyquistplotis,of course,proportionalto
thechangein systemgain,and,hence,directlyaffectsthestabilityof
theclosed-loopcombination.

A closed-loopresponseisobtainedbyinsertingan inputsignalat
somepointandmeasuringanoutputresponseatanyotherpointwiththe
loopclosed.Theoutputgenerallyof interestis,again,thepitch
angle.Itisthendesirabletousea pitchinput,butinflightitis
impracticaltofeedina sinusoidallyvaryingpitchangle.Therefore,
an equivalentpitchinputisobtainedby insertinga voltage,vI,inthe
autopilotsignalcircuit(fig.3)0Thisvoltageisrelatedtothehypo-
theticalpitchinputthenby thesameconstant,kg,relatingvoltage
outputperdegreeinputforthedisplacementgyro. Theinputfora
transientresponseis introducedin thesamemanner.

FundamentalRelations

Relationsbetweenopen-loopandclosed-loopfre-quencyresponsesare
givengenerallyin servomechanismstexts.Thepartic- formsused
hereinwetiederivedinreference3 forapplicationtotheautopilot-
aircraftcombination.Theyareexpressedintermsofthequantities

I actuallymeasuredduringtests.k thisconnection,as is shown-in
! reference3,itishelpfultoredrawfigure3 asfollows:

I

.!

191 eE

Te

ei ?
be e

%? ‘P Ae

er
prAr/kg

I I 1 I
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Theequivalentan@larinputis t)l(whereVI4 kg eI)~d theerror
angleis ~. Theterm ~ representstheautopilotgesring,thestatic
ratioofelevatordeflectionto verticalgyrodisplacement.Thenondi-
mensionalfrequencyresponseoftheautopilotwiththeoutputmeasured
atthecontrolsurfaceandwithoutpitch-ratefeedbackis Ap. The
relativeamountofrateto displacementfeedbackisrepresentedby the
term P~r/kg where Ar istherate-grotransferfunction,Pr the
rateattenuationfactor,and kg theverticalgyroconstant.Theair-
craftresponseis ~.

It shouldbenotedthatallquantitiesareconsideredasvectors,
possessingbothmagnitudeandphaseangle,unlessotherwisenoted.The
term V1,or itsequivalenteI,isthereferenceandhaszerophase
single.

,
Theeqmtionspresentedinthefollowingparagraphswereusedin

thecalculationsinvolvedinpredictingandanalyzingtheperformance
oftheautopilot-aticraftcofiination.Theyarepresentedwithout
formalderivationandmaybe derivedfromtheprecedingdiagramand
elementaryservotheory.Forfurtherdetailsoftheserelationsand
othersgoverningthecalculationof servo-errorvoltage,servoresponse
fora changeof servogain,andservoresponsewithadditionofrateof
displacementinputsignaltheread= isreferredtoreference3.

open-loopfrequencyres-ponsefromclosed-loopfrequencyresponse.- ,
Theopen-looyresponseAL maybe calculatedfromthe closed-loop
response(?/eIasmeasuredinflightfromtheequation

“

. (5)

Fromthisitcanbe seenthatinadditiontomeasuringtheclosed-
loopre&ponseitisnecessaryto evahiatethefeed-backfactor
(l+ PrAr/ ).

Y
Thiscanbe doneintwoways. Ifthetransferfunctions

kg and Pr r forbothdisplacementandrategyros,respectively,are
lmown,thefactormayreadilybe calculatedforthefrequencyrangeof
interest.

Ontheotherhand,ifthefrequencyresponseoftheautopilotservo
systemisknownfora ratesettingof zeroandfortheratesignalbeing
considered,thefeed-backfactormaybe obtainedfromthetworesponses.
Itmayreadilybeseenfromtheforegoingsketchthatthenondimensional
autopilotdynamicresponsewithratesignalpresentistheproductof
theservo-systemresponseAp andthefeed-backfactor(1+ PrAr/kg).
(Thegemingterm kp shownin thesketchis simplya constantwhich
convertsthenondimensionalresponseto itsabsolutemagnitude.)

——. . .- .-— —._— . _____ ___ — ——— .
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Thereforethe
rateresponse

feed-backfactorcanbe evaluatedfromtheratioofthe
to no-rateresponse,pr

~ ,PrAr). ~P$+~)1measured
kg Ap

(6)

Open-loopfrequencyresponsefromautopilotandaircraftcomponent
responses.-Theopen-loopresponseis simplytheproductoftheindi-
vidualtransferfunctionsaroundtheloop.

As wasshownpreviously,theterm AP(l+ PrAr/kg)representstke
nondimensionalresponseoftheautopilotservosystemwithrate-of-
displacementsignaladdedandmaybemeasureddirectly.Or,ifmore
convenient,thefeed-backfactor(1+ PrAr/kg)maYbe calculatedfrom .
thegyrotransferfunctions.

Closed-loopfrequencyresponsefromopen-loopfrequencyresponse.-
Theclosed-loopresponsee/~1 cannotbe calculateddirect~fromthe
open-loopresponsealonebutmusttakeintoaccountthefeedbackdueto
‘therate~o. Hence,

.

Intermsof
factor,the

.
,.

(8)

theopen-loopresponsefromequation(7)andthefeed-back
aboveequationmaybe rewrittenas

(9)

Errorvoltagefortheautopilot-aircraftcombination.-Theservo-
systemerrorvoltagehasbeendiscussedpreviouslyinconnectionwith
testsofthecomponents.Whenit isdesiredtopredicttheautopilot-
aircraft-conibinationresponse,itisagainnecessaryto calculate .

-- --- --- ---- ..-..-.— — — - --— —--- -—---- -—- . ..—-.—- — —-- -
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theerrorvoltagefortheinputsignalbeing
determinewhethertheamplifierisoperating
Theexpressionfortheerrorvoltage‘inthis
fromreference3,equation(42),

.

,,

consideredin’orderto
withinitslinesrrange.
case,designatedvecjis,

]Vec]=v~ 1 1+R2-2RCOS~f

1+IAL12+21ALICOSEL
(lo)

I

Transientresponsefromtheclosed-loopfrequencyresponse.-The
transientresponsefora step-inputdisturbancewasobtainedfromthe t
closed-loopresponsebyFloydtsMethod,anappro-tion methodwhich
isexplainedindetailinchapter11,reference1.

.
Briefly,theinversetransformh(t)of H(s),where h(t)isthe

transientresponsetoan impulseand H(s)isa functionofthecomplex
operator s, is

h(t)=

where s
response

1 JC+jm
H(s)etsds

G
(11)

c-jm

Undertheconditions
sionforthehnpulse
loopfrequencyresponseH(jw)is

maybe replacedby ju,an exactexpres-
intermsofthereal.partoftheclosed-

J’h(t)=: m [ReH(ju)costu]h
o

(12)

Thisintegralmaybe approximatedgraphically.Theprocedureisto
plot Re H(jw)againstu andapprodmatetheexactshapeofthecurve
by a seriesof straight-linesegments.Thisstraight-lineapproximation
definesa seriesoftrapezoidalfunctionseachofwhichcsmbe evaluated
by equation(12).Theapproximatevalueof h(t)isthenobtainedby
_ theresultanttimefunctions.

..-—..— ———.-———..- .-.— — ——
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Fora seriesoftrapezoidalfunctions

~
Re H(jti)

~
6)a Mn %–

equation(12)canbe evaluatedas

k

An

An

15

suchas is shown>

I I
+-414

,(,).~ :An(si:n’l’)(S:wnt)
n=l

where

with

nuniberoftrapezoidsusedinapproximatingcurve

areaofnthtrapezoid(r@n)

wb~a
2

%da
2.

.

Thestepresponsemaythenbe obtainedby a graphicalintegration
respecttotimeoftheimpulseresponse.

8
TESTRESULTSANDCALCULATIONS

Inthissectionarepresentedthetestdataandassociatedcalcula-
tionsrequiredforanalysisof systemstabilityatthethreetestair-
speedsof85,130,and200knotsindicatedatanaltitudeof10,000feet.
Theaircraft,servosystem,andautopilotgearingarefirstconsid=ed
individually.Hingemoment,requiredforgearingcalculations,isalso
considered.Theflightclosed-loopfrequencyresponsesandtheircorre-

+ spendingopen-loopresponsesarethenpresentedandcomparedwithopen-
andclosed-loopresponsescalculatedfromthecomponenttransfer
functions.Finally,transientresponsespredictedfromcomponent
frequencyresponsesarecomparedwiththosemeasuredinflightforthe
closed-loopsystem.

. . .. ...---— —.———- - . — . -.—--—--- .-- —----— —.— ..-— .——— ——=— -—-—— ———- .—.-
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Aircraft Transfer

Thedynamiccharacteristicsofthis
obtainedby analysisofflight-testdata.

Function

NACATN 2578,

.

componentoftheloopwere
Twotypesofflightmaneuver,

sine-waveforcedoscillationandtransient,were-usedasth~sourceof -
aircraft-frequency-responsedata.Theinputswerevoltagedisturbances
ofprescribedformintroducedintotheautopilot-aircrsft100Y(indic-
ated by vI infig.3). Thistechniqueavoidedtheconsiderableeffort
necessarytoTerfornisuchforcedoscillationsinanunstabilizedaircraft,
necessitating,here,additionofa simplesine-wavevoltagegenerator
only.Transientinputsintroducedinthisfashionmaybe considered
unusualtothosewhohavenotworkedwithstabilizedaircraft.“The
actualelevatormoyementthatproducestheaircraftresponsedoesnot
assumethestepfunctionorpulse-typeform,butis itselfa damped
oscillation.Thus,theworkinvolvedinanalyzingtherecordsis
increased.The‘quantitiesmeasuredforthestudyofthisaircraft,which
is stabilizediQpitch,wereyitchamgle (3andelevatorinput
angle be. Sampleforced-oscillationandtrsmsient-responserecordsare
presentedinfigure4.

A straightforwardmethodwasutilizedinextractingtheaircraft
frequency-responsecharacteristicsfromtheflightfilmrecordsforthe
sine-waveoscillationtests.Whilethe e smd be recordsarenot
truesinewaves,theywereconsiderednesrenough,inmostofthedata,
towarranta simpleanalysis.Thesmplituderatiowasobtainedbymeas-
urementoftheamplitudesofthepeaksandphaseanglefromthetime
differencesbetweencorrespontiginterceptsofthelinedrawnto equal-
izethehalf-cycletimeintervals.Recordsnotlendingthemselvesto
thisprocedurerepresentedsucha smallportionofthedatathatthey
weredisregarded.

(

!

I
\
I
1

I

I

.

Thefrequencyre~onsewasobtainedfromtransientdataby useof
equation(2)as discussedpreviously

Thefind frequency-responsecharacteristicsarea combinationof
theresultsobtainedfrombothtypesofflighttests.Sine-wave-
oscillationdataprovidesmplituderatiovaluesthatrepeatwithin .
*3percentforlowvaluesoffrequency(0-0.3cps)andto ~eateraccu-
racyforv-duesup to 1.6cps. Sine-wave-oscillationphaseangleswere
notconsideredtobe ofusableaccuracyforthetypesof analysesthat
wereattempted.Transientanalysesprovidedconsistentphaseangles
andamplituderatiosthatvariedwithina maximumdeviationofabout
5 percent.Themeanvaluesofthetransient-responseamplituderatios
agreedwellwiththoseofthefrequencyresponseandthefinalamplitude-
ratiocurves(fig.5(a))arethefairedaverageofbothsine-wave

.

oscillationsandtransientresults.Thefinalphase-anglecharacter-
istics(fig.5(b))areexclusivelyfromtransientdata. .

——-— - ————— .- . - .——— -—- . . ——— — —-—.-.— -
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As a resultofthisinvestigation,itappearsthat,fromconsidera-
tionsofflighttimeandpracticablesaaJys~sprocedures,thetrsnsient
flighttestissuperiorforobttiningflrequencyvresponsedataforthe
airplanetransferfunction.

AutopilotFrequencyResponse

Etiensivegroundtestswde madeoftheautopilot.Thesewere
performedwithmostoftheequipmentremaininginthefuselageto simu-
latetheactualflightsetupas closelyaspossible.Theflightaero-
.@mmic,loadsupontheelevatorweresimulatedbytorsionalsprings
producingtherequiredhingemoments.Theautopilotfrequency-response
characteristicsweredeterminedforseveralvaluesofdisplacementand
rate-of-displacementfeedbackandinput-signalamplitudes..

Inorderto chooseinputsignalsofa magnitudelowenoughto insure
linesroperationoftheservosmplifier,itwasfirstnecessarytomeas-
urethestaticcharacteristicoftheamplifier.Thisrelationis show
infigure6 wheretheoutputcurrentisplottedasa functionofthe
inputvoltagetotheamplifier(servo-systemerrorvoltage).Itcanbe
seenthattherelationislinesrwithinabout10percentovera rage
of*().35voltaboutthevolt~evaluerequiredforzerounbalance
current.Thisvalueof0.35voltisdesignatedthenonlinearitylevel
althoughitisevidentthatthesystemdoesnotdepsrtrapidlyfrom
linearityforanother0.1voltor so.

-c testswereconductedontheautopilotservosystemcoupled
totheelevatorcontrolsurfacefirstusingan electricalsinusoidal
inputsignal.An amplituderatioexpressedastheratiooftheoutput
motionatanyfrequencytothatat zerofrequencyanda phaseangle
representingthenumberofdegreestheoutputmotionleads(considered
plus)orlags(mimus)theinputsignalwereobtained.Testsweremade
forseveralvaluesof simulatedhingemomentbutitwasfoundthatthe
dynamicresponsedidnotdiffermateriallyoverthefrequencyrangeof “
primaryinterest,O-1cps. Hencetheno-loadresponseswereusedfor
theanalysis.Loadingofthecontrolsurfacedoeschangethegearing,
however,andthisisdiscussedinthefollowingtwosections.Theno-
load,nondimensionalfrequencyreponseAp fortheservosystemiS
presentedinfigure7(a)fora rangeof sensitivitysettings,namely,
24,33,42,52,and63percent.Themagnitudeoftheinputsignalwas
*0.115volt,correspondingto.about~1/4°inpitchforthegyroconstant
usedintheanalysis.Thismagnitudewaslowenoughtoallowlinear
operationoftheservosystem’throughoutthefrequencyrange.

To determinetheresponseforratesignalinadditionto displace-
mentsignal,testswereconductedwiththe~os mountedona sinus-
oidallyoscillatingtableandtheircombinedelectricaloutputfedto
theservosystem.Thisnondimensionalresponseisdesignatedby the

,.. . . ..— -.—--- -— ...-. .. -—. ----- .-- —-— -- - -——-.--- - ---— -- -
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factorAP(l+p#r/kg)andis showninfigure7(b)fora sensitivityof
24percentandratesettingsofO,8, 20,snd31percent.(Theserate
settingsgavevaluesfortheratioofrateto displacementsignals,
P~r/kg2of0.83f,2.07f,and3.21X,respectively,up to a fre~ency
of1.2Cps. At higherfrequenciesthesmplitudeofAr departedfrom
itslinenrelationshipwithfregyency.)Theinputmagnitude%s *l/k”
of tableoscillation.Withthisinputtheresponseswithratesignal
remainedlinearup to a littlemorethan1 cps. Theresponsesforall’
ratesignalvaluesreachedthenonlinearitylevelbetween1 and2 cps,
theresponseatthelowestratevaluebeinglinearahostto2 cps.

Theresponsewithratesignalwasalsocalctiatedfromthemeasured
valuesof Ap,Pr,Ar,~d kg forthe,ssmeconditionsasabove.The
~eement withtheresponseobtainedfromtheoscillatingtabletests
u& verygood. (Seeref=ence3.)
42percent,therateresponseswere
directly.

Hinge

Hence,for
calculated

Moment

a sensiti~ityof
ratherthanmeasured

Groundtestsoftheautopilot-installedintheairplanedisclosed
thefactthathingemomentdirectlyaffectsthegearingfactor~.
Witha flexiblelinkageconnectingtheservoactuatorandcontrolsur-.
face,asindicatedinfigure3,thegearingwillbe decreasedbyaddi-
tionofanyloadontheelevatorduetostretchingofthecontrolcable.
Thehingemcmentwasdeterminedfromfligl@testsinorderto elindnate
itasa possiblesourceof errorh thepredictedautopilot-aircraft
responses.

Thespringpropertiesofthelinkagebetweenservoactuatorand
controlsurfacewereusedto determinethehingemomentsencountered
inflightatthethreetestairspeeds.Theldnkagewascalibratedon
thegroundanditsspringconstantdetermined.Bothservoandsurface
positionswererecordedon thegroundunderno loadandinflightat
thethreeairspeedsduringthecourseofthefrequency-responsetests.
Thusthechangeintheratioof surfaceto servodeflectionsbetween
groundandflightconditionswasa measureofthehingemomentunder
dynamictests.Theaveragevslueof a numberofrunsforeachindicated
airspeedwasasfollows:

Foot-younds
Knots perdegree

85 3.0
130 10.0
200 w. 6

.

—— —— —— . .



NACATN 2578
.

19

Hingemomentswerealsoeetimatedfromwind-tunnel,measurementson
a similarairplaneandweresufficientlyclosetotheactualvaluesas
tohavemadeno differenceinthedeterminationofthegearingfactors.

AutoyilotGearing .

Theautopilotgearingfactorkp isdefinedasthestaticratio
ofthecontrol-surfacedeflectiontopitch-attitudeinputto theauto-
pilot. Inthisparticularinstallationit iscontrolledby thesensi-
tivitypotentiometerbut,as shownpreviously,it isalsoa functionof
hingemomentand,hence,airspeed.

Thegearingfactorwasdeterminedin severalways,allofwhich
gavesomewhatdifferentresults.Themostcompletedeterminationwasby
meansof introducingam electricalsignalof severalmagnitudes,corre-
spondingtovariouspitchangles,to theservosystemwiththeairplane
onthegroundandmeasuringthecontrol-surfacedeflection.Thiswas
doneforno loadonthesurfaceandatthreevaluesof simulatedhinge-
momentload,2,8,and20foot-poundsperdegree,correspondingroughly
tothetestairspeedsof85,130,and200hots. A rangeof sensitivity
settingswasalsocoveredforeachload. To obtainthecorrespon~ng
pitchangle,theverticalgyrowascalibratedby rotatingitO.1°ata
timeandmeasuringtheoutputvoltage.Thusthe~o constantkg was
foundtobe 0.51voltperdegree.Thegearingisthentheproductof
thisconstantandthevaluesof surfacedeflectionpervoltinputtothe
servosystem.To obtaina linearrelation,thereciprocalofthe
gearingl/kp isplottedinfigure8 againstsensitivityforthevarious
loads.Thedataarereplottedinfigure9 to showthereciprocal
gearingl/kP plottedagainstloadforvaryingsensitivities.From
thisfigurethegearingscorrespondingto thetestairspeedswere
obtainedandusedintheanalysispresentedinthisreport.

Thegearingfortheno-loadcasewasdeterminedalsobymeasuring
thecontrol-surfacedeflectionforvariousattitudesettingsofthe
vertical~o whichwasconnectedto therestoftheautopilotinthe
normalmanneras infigure3. Inanothertestthegyrowasmountedon
anoscillatingtableandoscillatedsinusoidallyatlowfrequencies

I (between0.1and0.2CPS)at severalamplitudes,andthecontrol-surface
deflectionswererecorded.Thevaluesobtainedfromthesetwotypesof
testswerenotingoodagreementwitheachotheror thoseobtained
previously.Furthermore,itwasobservedthatthevaluesseemedto

. dependontheservodisplacement,beingconsiderablylessforsmalltis-
. placements.Thisisthetypeofbehaviortypifyingsystemscontaining

nonlinearitycausedbyplayorbacklash,andindicatesoneprobable
causefordiscrepanciesbetweenflightmd predictedresponses.

) ..
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Thiseffectcouldnotbe resolvedwithoutconsiderablymore
investigationthanwasjustifiedinthiscase.Thevaluesobtained
fromfigure9 gavepredictedautopilot-aircrsftopen-loopresponses
which,onthewhole,mostnearlymatchedthoseobtainedfromflight
thereforewereusedintheanslyBis.

TheAutopilot-AircraftCombination

2-578

and

Open-loop,closed-loop,andtransientresponsesfortheautopilot-
aircraftconibinationwerepredictedfromtestsofthecomponentsand
alsoobtainedexperimentallyinflightovera widerangeof sensitivity
andrate-of-pitchfeedbackconditionsforeachofthethreeairspeeds.
Theconditionstabulatedwereselectedforpresentationinthisreport
notonlybecausetheyincluderepresentativesensitivityand’rateset-
tings,butalsobecause
speed,sensitivity,and

Airspeed
(knots)

85
130
200
130 ‘
130
130
130
130
130

theyillustratetheeffectof changesin
rateuponthesystemperformance.

Sensitivity Rate Figure
(percent) (percent) (number).

42 0 10(a)
o 10(b)

E o lo(c)
63 0 10(d)
24 8

[
10 e)

24 31 10f)
42 8

[
10g)

20 10h)
z a lo(i)

air-

Theo~en-loop,closed-lo~,andtransientreqonseseachprovide
informationofa vital,althoughdifferent,natureaboutthestability
andperformanceoftheautopilot-aircraftcoribinationandisplotted
uponthesanepageforeachoftheaboveconditions.(Seefigs.10(a)
to10(i).)Ineachfigurethepredictedresponseiscomparedwiththe
responsemeasuredinflightoronederivedtherefrom.Themethodsof
calculationhavebeenpresentedintheforegoingsectionsanda sample
calculationforeachtypeisgivenintheappendix.

Allcalculationswerebasedontheassumptionof.linearoperation
ofallco~onents.Thisassumptionholdsthroughoutthefrequencyrange
forverymall

?
Utsonly.Fortheflighttestsan inputmagnitude.

equivalenttoH 2°wasused. Thisvaluewasnotlowenoughto insure
linearoperationellthetime,butitwasas smallaspracticablefrom
thestandpointofaccuracyofmeasurements.Itisalsobelievedtobe
a reasonablevalue,onethatmightlikelybe encounteredinflightas
en externaldisturbance.Theerrorvolt~efortheclosed-loopcombina-
tionwas

.—

calculatedin eachcase.
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Theopen-loupfrequencyresponseis shownatthetopof eachyage
plottedonpolarcoordinatesrepresentingamplitudeandphaseangle.
Thisformiscommonlyknownasa Nyquistdiagram.Thenearnessofthe
curvetothe1, -180°pointisam indicationoftherelativestability
ofthesystem.Thefrequencyisalsogivenforeachpointshownonthe
curve.Thepredictedcurve,shownby a brokenline,wascalculatedfrom
measurementsoftheindividualcomponentsoftheautopilot-aircraftloop.
Thesolidcurve,inthiscase,wascalculatedfromtheclosed-loopfre-

. quencyresponseofthecombinationmeasuredinflight.

The‘closed-loopfrequency-responseamplitudeandphase-anglecurves
areshownonthemiddleof eachpageplottedagainstfrequency.The
predictedcurvewascalculatedfromthepreillctedopen-loopresponse.
Thesolidcurvewasobtaineddirectly,fromflightmeasurementsofthe
closed-loopfrequencyresponse.

Thetransientresponsesf~ra unitstepinputareshownatthe
bottomof eachpage. Thepredictedcurvewasobtainedfromthepredicted
closed-leapfrequencyresponseby theapproximationmethodpreviously
discussed.Thesolidcurvewasobtainedfromflightmeasurementsofthe
transientresponse
to1/2°ofpitch.

toa stepvoltageinput

DISCUSSION

to theautopilotequivalent

Thethreemajoraspects’oftheanalysistobe discussedarethe
agreementbetweenexperimentalandpredictedresults,theeffectof
displacementandrateofdisplacementfeedback,andtheeffectof
airsyeed.

Ofprimaryinterestisthedegreeof agreementbetweenthefl.ight-
measuredresponsesof theautopilot-aircraftcombinationandthose
predictedfromthecomponenttransferfunctions.To serveasa basis
of comparison,theimportantinformationwhichcanbe obtainedfromthe
responseplotscsnbe sumsrizedas follows:Fortheopen-loopplot,
thevaluesofphasemarginandgainmsr@ specifytheperformanceto a
certaindegree,theformerusuallybeingthemostcriticalwithrespect
to stability.Ontheclosed-loopfrequency-responseplot,thepeak-
smplituderatioandthefrequencyatwhichit’occursaresignificant
points. Forthetransientresponsethereareseveralcharacteristicsof
interest,suchastheresponsetime(ttieto firstreachthedesired
value),peakovershoot,cyclestodampto a certainfractionofthe
finaldisplacement,periodorfrequencyof theoscillations,etc.

Ingeneral,itwasfoundthatagreementbetweenmeasuredand
predictedresponseswassatisfactoryformostcases,butwasunsatis-
factorywhenratesignalwasusedwitha displacementsettingthat
resultsina nearlyunstableresponsewithoutratesignsl.

.. . . . . . . .. . .. . - .. ., -—..- —...- —.—..... .—~ .- - - —. —- --- . - —. --.—. .. . . .. --
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Theresponsesfortheconditionof zerorateandvarioussensi-
tivitiesandairspeedsarepresentedinfigures10(a),(b),(c),and(d).
It canbe seenthattheagreementbetweenmeasuredandpredictedvalues
isverygoodfora sensitivityof42percentatthethreeairspeeds.
Thecomparisonat200knots(fig.1O(C))isanexsmpleofthebest
agreementobtainedintheanalysisandisconsideredtobewellwithin
experimentalerror.Foreachofthesecasesat42percentsensitivity,
phasemarginsagreewithinabout5°,sndgainmargins,peakamplitude
ratios,andresonantfrequenciesarewithina fewpercent.However,it
maybe noticedinallthesefiguresthatthetransient-responseagree-
mentisnotasgoodasthatforthefrequencyresponses.Thediscrep-
ancyisactuallybetweentheflightsinusoidalandtransientdatasince
thetransientpeakobtainedinflightishigherthanwouldbe obtained
fromananalysisofthecorrespondingsinusoidalresponse.A possible
causeofthisdifferencemaybe driftofthevertical~o overthe
durationofthetransientwhichmayresultinerrorswhennormalizing
thetransient-responseplotaboutthefinalsteady-statevalue.

Fora sensitivityof63percent(fig.10(d)),thereisa dis-
crepancybetweenthefrequency-responsecurveswhichisgreatestatthe
lowfrequenciesontheopen-looppolardiagram.Thisdifferencemay
partiallybe explainedbybacklashintheelevator-linkagesystem.
As thecontrolgearingisreduced(increasedservosensitivity),the
control-surfacedeflectionbecomessmaller,beingsmallestatlowfre-
quencieswheretheairplaneiscloselyfollowingthepitch-inputsignal.
Hence,thebacklashregionbecomesa greaterpercentageofthetotal
surfacedeflection.Thus,thecontrolgesringwouldbe effectively
reducedatthelowerfrequencieswheresurfacedeflectionis smallest.
An increaseingesringappliedtotheflightopen-loopresponsecurve
wouldbringitintoagreementwiththepredictedcurvewiththeexceF-
tionthatthefrequencieswouldnotcorrespond.

“

.

Forhighvaluesof gearingtheagreementwasconsideredexcellent.
Althougha figureisnotpresentedfora sensitivityof 24percent,the
pre~ctedclosed-loopresponsehadanamplituderatiopeakofabout12
whichindicatesa conditiondangerously-closeto instability.Theflight
responsewasjustaboutatthepointofneutralstability.Inresponse
to a transient,thecombinationwouldoscillatesometimeswithincreas-
@ ampli~deofoscmation~d somettieswitha verygradualdecayin
amplitudeofoscillations.An experimentalfrequencyresponsecouldnot
be obtainedbecauseofthetendencytobreakintoinstability.

Theresponseswithrate-of-displacementfeedbackinadditionto
displacementfeedbackarepresentedinfigures10(e)through10(i).The
a@eementata sensitivityof 24percentwhenthereisratefeedback
(figs.10(e)and(f))is seentobepoor;whereastheagreementat.a
sensitivityof42percent(alowergearing)withratefeedback
(figs:10(g),(h),amd(i))isgood,particularlywithrespecttophase
margin.As previouslymentionedjthesensitivitysettingof 24percent
isonewhichresultsina neutrallystableresponsewithouttheaddition

— -. . .———- _.. . ——
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ofrate.Thenearnessof theover-alJsystemto instabilityatthis
sensitivityforthecaseswithratefeedbackisdiscussedinmoredetail
laterandprOVideSa cluetothediscrepancies.Thesystembehavior
becomesquitecriticalundertheseconditionsandsmallchangesincom-
ponentvaluesmayresultinlargechangesinthesystemresponse.It
shouldbe noted,however,thatthecurvesshowninfigure10(f)repre-
sentaboutthebesttransientresponseobtainedinflight.Theerror
voltagewascalculatedin eachof theabovecasesandwasfoundto cause
saturationonlyata sensitivityof 24percentatfrequenciescloseto
theresonantfrequency.

Thedifficultyindeterminingthevaluesofgearinghasbeen
discussedpreviouslyandwasattributedtothenonlinesrcharacteristics
ofthelinkagesystem.Thepossibilitiesofbothamplitudeandphaseof
elevatordeflectionbeingdistortedrelativeto servodisplacementand
toforcingfrequencymayaccountforsomeofthediscrepanciesencoun-
teredinthepredictedresults.

A secondmajorpointofinterestintheresultsistheeffecton
theautopilot-aircraftresponseof changesindisplacementandrateof
displacementfeedback.Aswasmentionedpreviously,a sensitivityof
24percentwith zeroratesignalresultedina hi~y oscillatory
responsewhichfrequentlybrokeintoinstability.Figures10(b)and(d)
showtheeffectof increasingthesensitivity(decreasingthegearing).
As istobe expected,thelowerthegearing,thehigherthedamptigbut
thelongertheresponsetime.Flighttestsboreoutthepredictionthat
theresponsewouldbe veryslowifthegearingwerereducedto thepoint
ofgivingsatisfactorydamping,saya vslueof0.7ofthecritical
damping.

Theforegoingdiscussionpointsouttheneedofadditionalstabi-
lizationfactorsand,hence,rateof displacementsignalwasaddedto
thefeedback.Itcanbe seenfroma considerationof thetransient
responsesinfigures10(e)and(f)thatastheratesignalisincreased
thedampingis@roved atno expenseinresponsetime.A sensitivity
of 24percentanda rateof 31percent(fig.10(f))providedthefastest
response~tiththeleastamountof overshootofanyof thepossibleset-
tingsof theautopilot.

It isimportanttonote,however,thatconsiderationmustbe given
otherfactorsinchoosingthemostdesirableresponsebasedonthe
criteriagivenintheforegoingparagraph,A responseobtainedwiththe
aidof anautopilotthatisconsiderablybetterthantheresponseofthe
aircraftalonegenerallyrequiresa largeamountoftotalcontrol-surface
motion.Thismaybe objectionablefromthestandpointof servoenergy
requiredorexcessivewearonthecontrolsystem. ,

An equallyormoreimportantconsiderationisthenearnessofthe
systemto instability.Whenrateorotherderivativetypesoffeedback
areused,thisnearnessisnotshownby theclosed-loopfrequencyor

... -.— —---.—.———— -.. . .. .. ... .. ——— —_____ .- . . .._. _“_. .._. ____ .. .. . ... . . . . . .
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transientresponsee/@Jsincethemytputandinputme notdetermined
atthe.ssmepointintheloop.Therelativesystemstabilityisobtained ,
basicsllyfrananexaminationoftheopen-loopresponse.A qualitative-
ideacanalsobe obtainedfromtheclosed-loopresponse(e+Or)/el(with
referencetothediagramonp. 11)whichmaybe rewrittenas
e(l+p#r/kG)/GI*Fromthisitcanbe seenthatthedesirede/@I
responsemustbemultipliedby thefeed-backfactor(l+PrAr/kg)to check
onthesystemstability.A lhnitthenexistsonthesmountofratefeed-
backthatcanbe usedto improvethe e/oI response.Thered f.mpor-
tanceofthisconsiderationisthatforsystemsadjustedto obtainthe
optimum19/G1responsesmallchangesin systemcharacteristicsmight
be sufficientinextremecasesto changetheresponsefromhighlysatis-
factorytohighlyunsatisfactory.

By referencetotheexperiment&1resultsinfigures10(e)and(f) I
andby considerationoftheneutrallystableresponseforthissensi-
tivitysetting(24percent)at zero‘rate,itis seenthatasratesignal ,

!
isprogressivelyincreasedtheflighttransientresponseis improvedbut
thecorrespondingopen-loopresponseftistbecomesmorestableandthen
movescloserto instability.Furtherincreaseofratesignalduring
flighttestsresultedinactualinstabilityofthecofiinationaswould
be expected.Thisssmetrendcanalsobeobservedinfigures10(b), I
(g),(h),smd(i). 1

1A thirdyointof interestintheresultsoftheanalysisisthe
changeinresponsewithairspeedfora givensensitivitysetting.This
is showninfigures10(a),(b),and(c). Examinationoftheseresponses
indicatesthattheyareessentiallythesameforallairspeeds.The
phasemarginsvaryfrom20°to 30°,gainmargimsfrom2-1/2to 5,and .
peakamplituderatiosfrom2 to 2-1/2.Thiscloseagreementfordiffer-
entairspeedsmayappearsurprisinguntilitisrecalledthatthegesr- ,,

ingisunintentionall.yalteredinthefavorabledirectionby hinge ‘ .
momentdueto theelasticityofthecontrollinkage.Itappearsthat
thespringconstantis suchthatthechangeingearingcompensatesfor
thechangeintheaircraftresponsewithairspeed.-

To illustratewhatwouldhavehappenedto theconibinationresponse
ifthegearinghadnotchangedwithairspeed,considerthevaluesofthe
reciprocalgesringl/k

5
obtainedfromfigure9 fora sensitivityof

42percentat 85and20 knotBwhichsre0.92andl.97,respectively.
Thisrepresentsa changeofapproximately2 to 1. Hence,ifthesystem
wereadjustedto givetheresponseat 85knotsas showninfigure10(a),
theopen-loopresponsefor200knots(fig.1O(C))wouldbe increased
radiallyby a factorof 2 to1. The0.8-cpspointwouldthenbemoved
outtotheunity-gaincircleresultingina phasemarginof only15°.
Thegainmarginwodd be reducedto about1.6. Theresultingtransient
responsewouldthenbe toooscillatoryandthesystemdangerouslyclose
to instability.Thesamewouldbetrueifthesystemwereadjustedat
200hots andthenflownatanappreciablyhigherspeed.Inthis

-—..— — -. -- — —.—.. —.————— . ——— . ——.— .— -—.. -
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particularinstallation,theflexibilityofthelinkagesystem~robably
savedtheairplanefromdestructioninautomaticallycontrolledhigh-
speeddives.

CONCLUSIONS
.

1. Iftheoptimumresponse(notmerelya conservativelystable
response)foranautopilot-aircraftcombinationistobepredictedby
linearanalysisprocedures,assurancemustbe obtainedthatthecom-
ponentperformancesareactuallylinearor very close to it. Predicted
responsesmaydeviateconsiderablyfromflightresultsdueto a combi-
nationof several.wmillnonlinearitiessuchas incontrollinkagelost
motion,amplifiersaturation,etc.

2. me over-~-sywbem,open-loopreao~e ~t be -cted for
thenearnessofthesystemtoinstabilim.Eventhoughtheti-ient
responseofparticularinterestappearswe~ damped,thesystemmaybe
nearlyunstable;thusa slightchangein componentperformancemight
resultininstalxility.

3= Theeffectsofairspeedonautopilot-aircrtistabilitymaybe
compensatedforovertherangeinwhichthehingemomentisroughly
proportionalto elevatoreffectivenessby meansofa sim@e spring
mechanicallyljlng thecontrolsurfacetotheservoactuator. Dynamic
effectsofthespringmust,of course,be consideredinthedesign.

AmesAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics

MoffettField,Calif.,Sept.20,1951

,
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APPENDIX

IILUSTMTIWEEXAMPLEOFCALCULATIONS

NACATN 2578

Airspeed130hots, sensitivity24percent,andrate8 percent
(fig.10(e))wasselectedastheconditionto illustratethecalcula-
tionsnecessaryfora comparisonofpredictedandflightclosed-loop,
open-loop,andtransientresponses.Thissettingwaschosenbecause,
sincerate feedbackispresent,itW1.us@atesinthemostgeneral
fashionthecalculationsrequired.

Theopen-loopandclosed-loopresponsesarecalculatedinthis
exsmpleonlyfora singlefrequency(f= 0.8cps)sincetheprocedure
will.be identicalthroughoutthefrequencyband. However,duetothe
natureofthemethod,a completetransientcalculationiscarriedout.

Duringflight,recordswereobtainedofthepitchresponseofthe
stabilizedairplaneto sinusoidalsndstep-inputsoflmownmagnitude.
Theclosed-loopflightresponse,e/eI}wasobtainedfromtherecordof
theattitudeoftheairpl&nef3 b responseto thesinusoidalinputs:

At f = 0.8 CpS,

e = 0.575 /-1970

~1 = 0.25 ~Olts

kg = 0.51 volts/degree

Substitutingthesevaluesintheaboveequationgives

The
bymeans

e_ 1.17/-1970
~-

expertientalopen-loopresponseAL iscomputedfrom e/eI
of equation(5):

.

I

.

.

.

-. — ——— —-
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,.

wherethefeed-backfactor(l+PrAr/kg)canbe e%luatedbY equation(6)
fromtherateandno-rateservoresponses(fig.7(b)),where

~+PrAr~ ‘[’p~+%)]measme~—=
‘g”. Ap

Atf= 0.8C~S,

[A@y)lmeaawed=l+@’‘mom‘i’- 7(b))
Ap = 1.10/-31° (fromfig.7(b))

therefore

.

and

(’+?$)1.68 @
= = 1.53 /38°

1.10/-310

AL= (1.17 /-197°) (1.53 /38°)
= 0.66/-173°

1-(1.170/-1970) (1.53 p)

Thepredictedopen-loopresponsewasobtainedbymultiplyingthe
dimensionlessautopilot-with-rateresponse,theaircraftresponse,and
thepropergearing(equation(7)):

.
. . — - -- -—- - . . .-—.-. ————-~—- —.. — _. .———. _ ——.— .. ..-. . .... .
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at f = 0.8CPS,

~ = 0.39 /-1770 (from fig.5)

The
response

The

kp= 1.52 (fromfig.9)

AL = 1.52 (1.68/7.0°)(0.39/-1570) = 0.98/-150°

predictedclosed-loopresponseintermsoftheopen-loop”
sndtheratefactor,equation(9),is:

e &—= =

“ (’%3(’+4
0.98 /-lPo

1.24 /-l140
(1053 /380) (l+Q8/-W0) =

errorvoltageoftheautopilot-tiframecombinationwascsJmu-
latedusingtheclosed-loopno-rateservoresponseandtheopen-loop
Tlightresponseby RESJX3of equation(10).

.

IVe-bl‘VI 11+R2-2RCOSef

1+IAL12+21ALIcoseL

at f= 0.8 CpS,

L-R ef= 1.1/-31° (fromfig.7)

AL = 0.67 /-167°

Vec = 0.25
1

1+1.21 - 1.89 = o.+38 “
1+0.45- 1.31

.

— .— —.—.—— . .
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ThepredictedtransientresponsewasobtainedbyFloydtsMethod
whichisoutlinedonpage14. Forairspeed130knots,rate8 percent,
sensitivity2k’percent,ReH(jw),whichinthiscaseis Re ~/61(ju),
wasplottedasa functionof”frequencyf andtheresultantcurvewas
approximatedby straight-linesegmentsas showninfigure11. The
valuesof r, f,andthe

‘o= 1.00
.rl= .73
rz = .35
r== .60
r~ = .95

correspondingu aretabulatedasfollows:

fa= 0.34 (Ja= 2.14
fb. .53 mb = 3.34
fc= ‘.64 u.= 4.03
fd= .83 Od s 5.22
fe= 1.004 ‘e = 6.30 .
ff= 130 of = 8.17
fg = 1.75 ug = 10.10

Sinceallofthecomponenttrapezoidsmustbemeasuredfromthe
origin,Re H(ju)wasapproximatedby thesumofthetrapezoids(with
propersignsffixed)as showninfigureI-2.Uponevaluation

7

n=1

yieldedthe.impulseresponseshown
yieldedthestepresponseshownin

ii figure13, which,uponintegration,
figure10(e).

_—. . .— . ...— —... -—- -—. ------ — ——- —.. ,-—
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